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FUNCTIONAL CALCULUS ESTIMATES EOR TADMOR-RITT OPERATORS 


FELIX L. SCHWENNINGER 

Abstract. We show //“-functional calculus estimates for Tadmor-Ritt 
operators (also known as Ritt operators), which generalize and improve 
results by Vitse. These estimates are in conformity with the best known 
power-bounds for Tadmor-Ritt operators in terms of the constant depen¬ 
dence. Furthermore, it is shown how discrete square function estimates 
influence the estimates. 


1. Introduction 

When studying numerical stability of a difference equation of the form 
(1.1) Xn = Txn-\+r„, n>0, 

the notion of power-boundedness emerges naturally. Here, T is a square matrix or, more 
general, a linear operator and stability w.r.t. to the initial value xq can be measured by 

^ =SUp„gNll-*«--^«l|. 

where x„ denotes the solution to (fTTT i with initial value xq. Since ||x„ —x„|| = ||7’”(xo — 
xo)||, the question whether/: < (for allxo, xq) reduces to asking if sup„ ||T"|| < 

Although the characterization of power-bounded matrices in terms of the eigenvalues 
is well-known, one aims for different conditions implying power-boundedness, like con¬ 
ditions on the resolvent (z/ — The most famous characterization for matrices is 

probably given by the Kreiss Matrix Theorem EH in. 

As the Kreiss Matrix Theorem fails for infinite dimensions, one has to strengthen the con¬ 
ditions on the resolvent in order to guarantee power-boundedness. This leads to the notion 
of Tadmor-Ritt operators. 

This paper deals with general estimates for Tadmor-Ritt operators, which particularly im¬ 
ply power-boundedness. 

In the following, let D denote the open unit disc in the complex plane, D its closure 
and (5D its boundary. The spectrum of a linear (bounded) operator T : A —?> A on a Banach 
space A will be denoted by g{T) and the resolvent set by p{T). Forz G p (T), we define the 
resolvent//(z,r) := {zl — T)^^ . In the following, all considered operators T are assumed 
to be linear and bounded. 

For an open set 12 C C, denotes the space of bounded analytic functions on 12, 

equipped with the supremum norm || • ||oo,n- 

1.1. Tadmor-Ritt and Kreiss operators. In the following we will give a brief introduc¬ 
tion about Tadmor-Ritt operators, and explain their relation to more general Kreiss opera¬ 
tors. Unless stated otherwise, A will denote a general Banach space. 
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Definition 1.1. An operator T on X is called a Tadmor-Ritt operator if (7(7’) C D and if 

(1.2) C(7’):= sup||(z-l)7;(z,7’)|| <- 

ld>i 

Let TR{X) denote the set of all Tadmor-Ritt operators onX. 


Tadmor-Ritt operators, in the literature also sometimes referred to as Ritt operators, 
were, with a slightly different but equivalent definition, first studied in ED. See EEllia 
l49l for a detailed discussion of these two definitions. Tadmor-Ritt operators form a class 
consisting of operators satisfying Kreiss ’ resolvent condition, 

(1.3) (7(7’) CD, and Cx.«..(r) = sup || (|z| - l)7?(z, 7’)|| <- 

|z|>l 

We will call operators satisfying (11.3b Kreiss operators and denote the set of all such oper¬ 
ators on X by KR{X). Obviously, TR{X) C KR{X). The most prominent question related 
to these operators is the one of power-boundedness, i.e. whether 

P/7(7’):=sup||r"|| <oo. 
neN 

In 1962, O. Kreiss studied the question for finite-dimensional spaces X, ll22l . He showed 
that in this case the answer is positive and that for all T G KR{X), 

(1.4) Pb{T)<g{CKreiss(T),N), 

for a function g depending on CKreiss{T) and the dimension N of the space X. Kreiss’ 
originial estimate (of the function g) was improved steadily in the following decades ending 
up with the final result proved by Spijker in 1991, ll43l . 

(1.5) V7’ e KR{X) ; PbiJ) < eCKreiss{T)N. 

For the detailed history of the result we refer to the monograph ED and the recent work 
irn . By 129), estimate ( 11.5b is sharp in the sense that there exists a sequence of matrices 
Tn G KR{£^^^) such that 

.. PbijN) 

lim —-;—r— = e. 

N^oo CKreiss{TN)N 

However, for this sequence, CKreiss{TN) hence, for CxreissiT) < C with a fixed con¬ 
stant C, the behavior could theoretically be better. Indeed, a recent result by Nikolski shows 
that for T having unimodular spectrum, i.e. (7(7’) C <9D, and a basis of eigenvectors, one 
gets a sublinear growth in the dimension. 


Theorem 1.2 (N. Nikolski 2013 071 ). Let X be a Hilbert space of dimension N <°°. Let T 
be a Kreiss operator on X such that (7(7’) C <9 D and such that T has a basis of eigenvectors 
= (vj)^j. Then 

Pb{T) < 2%CKreUT)N^-^, 

where £ — ond b{3fi\i) denotes the basis constant of i.e. 

(’(■^tv) = sup||7^( II, 

k<i ^ 


where P, u- 


denotes the projection onto the span of the vectors {xjYj^i. 


The proof of Theorem 11.21 is based on a classic theorem by McCarthy and Schwartz 
O 2 I . We remark that Nikolski also shows a corresponding result on more general Banach 
spaces using a generalization of McCarthy and Schwartz’ result by Gurari and Gurari ifTSl . 
By using well-known techniques from Spijker, Tracogna, Welfert 1441 . he further proves 
that the sublinear behavior is sharp. As indicated by Nikolski, in order to get an estimate 
in the spirit of the Kreiss Matrix Theorem, one has to close the loop by estimating b{^i^) 
in terms of CKreiss{T)- This still remains open. 
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If we turn to general infinite-dimensional spaces X, the power-boundedness of general 
Kreiss operators, even on Hilbert spaces, is no longer true. We refer to ini and ini for 
counterexamples. In the conference paper ll431l . E. Tadmor states that the growth of ||7’"|| 
can at most be logarithmically in n under the additional assumption that the spectrum of 
T ‘is not too dense in the neighbourhood of the unit circle’. This condition is in particu¬ 
lar ensured if (ll.21 i holds. Moreover, the existence of an example is stated confirming the 
sharpness of the growth. As both the proof and the example are unfortunately not pub¬ 
lished, we are indebted to E. Tadmor for sharing them with us, ll46l . 

Knowing that general Kreiss operators are not power-bounded, the same question for 
Tadmor-Ritt operators remained open until 1999 when Lyubich, ED, and Nagy & Ze- 
manek, llT4l used a preceding result of O. Nevanlinna, llTSl . to prove that they are indeed 
power-bounded. We remark that in 1993, C. Palencia ll38l and, independently, Crouzeix, 
Larsson, Piskarev and Thomee ED showed that the Crank-Nicolson-scheme is stable 
for sectorial operators. In particular, this shows that the Cayley transform CayiA) := 
(/—A) (A -f/)^ * of a sectorial operator A is power-bounded. As it well-known that the map¬ 
ping A I— Cay{A) establishes a one-to-one correspondence between sectorial operators A 
with 0 G p (A) and Tadmor-Ritt operators, the result already shows the power-boundedness 
of Tadmor-Ritt operators. This fact seems to be unnoticed in the literature. Moreover, Pa- 
lencia’s result shows that any bounded operator S with g{S) C D and such that there exists 
a constant M(5) > 0 and 

||R(z,5)||<M(5)(|z+iri + |z-ir'), |z|>l, 

is power-bounded. Note that Tadmor-Ritt operators are of this form. 

In 2002, El-Eallah and Ransford, ifT^ showed that for a Tadmor-Ritt operator T, Pb{T)< 
C{T)'^, which was subsequently improved by Bakaev 0 to 

(1.6) V7’g7’R(X); Pb{T)<aC{T)\og{aC{T)), 

for some absolute constant a > 0 (which was not determined). The latter result seems to be 
not so well-known. In ll50l Remark 2.2] an alternative proof for the quadratic dependence 
on C{T) is sketched. A careful study of this sketch reveals that it is based on a similar 
approach as in Bakaev’s proof, which, with a sharper estimation and some additional work, 
actually yields (11.6b . We will encounter a similar approach in the proof of Theorem 12.31 
which was actually motivated by a result of the author for analytic semigroups, ED. 

In ll48] l50l Vitse investigated the more general setting of a functional calculus for 
Tadmor-Ritt operators and proved that for 1 <m<n and any polynomial p{z) = Y!j=m 

(1.7) l|p(7’)|| < c{C{T),m,n) ■ sup\p{z)\, 

zeD 

with c(C{T),m,n) = 191C(7’)^log We also remark that Le Merdy showed in 

Il25l that a Tadmor-Ritt operator on a Hilbert space has bounded polynomially calculus, 
i.e. 

(1.8) sup{||p(7’)|| : p is polynomial, ||p||oo,D < 1} < °°, 

if and only if T is similar to a contraction. Obviously, E3 implies power-boundedness of 
T, however, yet with a C(7’)-dependence worse than in (11.6b . 

By functional calculus, more general functions / in can be considered instead 

of polynomials p in (11.7b . This leads to the study of the H°°-calculus for Tadmor-Ritt 
operators ElElll. 

We will show that the constant c(C{T ), m, n) in (11.7b can be improved significantly, cou¬ 
pling it to the, so-far known, optimal constant for the power-bound of T in (11.6b . Precisely, 
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in Theorem l2.5l we will show that for p{z) = I!j=majzJ, 0 < TO < n, 

(1.9) ||p(7')|| < aC{T)\og (c{T)+b + \og^) ■ 

\ TO + ly 

with absolute constants a,b>Q. The proof is shorter and more direct than the one for (fO 
in ED. Note also that we allow for to = 0. 

Moreover, the result is actually a consequence of a more general functional calculus result 
for Tadmor-Ritt operators, see Theorem l2.3l 

Finally, motivated by the result for analytic semigroup generators (i.e. sectorial oper¬ 
ators) ll42l . which can be seen as the continuous counterparts of Tadmor-Ritt operators, 
we discuss the influence of square function estimates on the the calculus estimates, see 
also CD. For Hilbert spaces, it is known that if a Tadmor-Ritt operator and its dual op¬ 
erator satisfy square function estimates, then the corresponding //“-functional calculus is 
bounded. As for the more known continuous counterpart of sectorial operators, here, it is 
essential to have square function estimates for both T and T*. We show that having only T 
(or alternatively T*) satisfying square function estimates however improves the functional 
calculus estimate ( 0 , see Theorem 13.61 In Section 01 we generalize the result about 
square function estimates to general Banach spaces. This involves a refined definition of 
square function estimates using Rademacher means and R-boundedness. These abstract 
square function estimates are the discrete counterpart to the ones for sectorial operators, 
which were introduced by Kalton and Weis ll2Tll and have proved very useful in the study 
of L^-maximal regularity for parabolic evolution equations since then. 

In Section| 6 l we discuss sharpness of the derived estimates. We conclude by a result about 
a Besov-space calculus for Tadmor-Ritt operators, which is a refinement of EOl Theorem 
2.5]. 

1.2. Properties of Tadmor-Ritt operators. Unless stated otherwise, X will always de¬ 
note a, in general infinite-dimensional, Banach space. 

From (II. 2 I 1 it follows that for Tadmor-Ritt operators the only possible spectral point on T is 
1. Moreover, it is well-known that the spectrum is contained in the Stolz type domain 
which is the interior of the convex hull of {{1} ,B,sine(0)} for some 0 G (0, ^), see Figure 
12] Here, Br{zo) denotes the open ball centred at zq with radius r. For this and a proof of 
the following lemma we refer to Vitse Il49]l50l and Le Merdy Il27l . which improves earlier 
results in 11311 [3^ and ll^ . 

Lemma 1.3. Let T be a Tadmor-Ritt operator on a Banach space X. Then, there exists 
0 G [ 0 , -j) such that 

(i) g{T) C and 

(ii) for all 77 G (0, f ], 

(1.10) =sup,ec\3;^ll(^- l)«fcnil < T-^^- 

cos 6 

We say that T is of type 0. 

Moreover, 0 can always chosen to be 9 = arccos 

Note that S§a C SSp for a < j3. The previous lemma tells us that for t] going to 0, the 
right-hand-side of (II.10b explodes whereas for 77 = ^ it becomes C(T). We further remark 
that the converse of Lemma ll.3l also holds: If there exists 0 G (0,^) such that < 7 ( 7 ’) C ,^0 
and Cjj < 00 for all 77 G (0, f), then T is Tadmor-Ritt, see ll27l Lemma 2.1]. 

We further need the following well-known characterization, which can be found e.g., in 
l271[3D|34l[50l. 

Lemma 1.4. Let T be an operator on a Banach space X. The following assertions are 
equivalent. 
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Figure 1. The sets and fi,) ,■ with rj G (0, f) ■ 

(i) T is Tadmor-Ritt. 

(ii) The sets {T” : n £ N} and {«(?’" — : n £ N} are bounded, i.e. 

(1.11) PZ 7 ( 7 ’) = sup||r'|| <oo, Wci,r:=sup||n(7’"-7’”^')|| < oo. 

Let us emphasize that sup„g[|g \\n{T'' — 7’'’^')|| < oo does not imply power-bounded¬ 
ness of T in general, see ca. Hence, in of Lemma 11.41 the assumption of power- 
boundedness cannot be dropped. See also ll^ for a discussion on power-boundedness 
related to estimates on the resolvent. 

2. A FUNCTIONAL CALCLULUS RESULT FOR TADMOR-RITT OPERATORS 

By Lemma 11.31 we know that the spectrum of a Tadmor-Ritt operator is contained in 
the Stolz type domain SSq, with 0 = arccos Let Q. D be an open, bounded and 
simply connected subset of C. Then for any function holomorphic on H, the operator f(T) 
can be defined via the Riesz-Dunford integral 

(2.1) f{T) = ^J^f{z)R{z,T)dz, 

where Fisa rectifiable, positively orientated, simple contour inside Q. which encircles . 
Let denote the bounded holomorphic functions on Q.. 

Remark 2.1. Let [SSg ) be the functions / in H°° ) for which exist constants c,s >0 

such that f{z) < c|l — z]'* for all z £ ,^ 5 . For 5 £ (0,f) and / £ f(T) can 

still be defined by ( 12 . 11 ) with F equal to the boundary of of ^S' with 5' £ (0,5). 
Analogously to the situation for sectorial operators, see e.g., im, it can be shown that the 
mapping / f{A) becomes an algebra homomorphism from Hq{^s) to ^{X), see lIZTl 
Section 2] for more details. 

For 0 < r < 1 and rj £ (0, ^], we define the ‘keyhole-shaped’ set, 

(2.2) fij) r •= .^7) UBr(l), 

see Figure |2] 

The function 

(2.3) Ei(i)= [ —dx 

is known as the Exponential integral. It holds that 

(2.4) 5 e^*log(l-ff) <Ei(s) < e^*log(l-f f), s > 0, 

(2.5) Ei( 5 )<log(i), 5 £( 0 ,i], 
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see m and ll42l for more details. 

The following lemma outsources technicalities in the proof of the results to come, Theorem 
12.31 Estimates of this kind for deriving functional calculus estimates can already be found 
in EESlEol, see also ll28l [30l for a slightly different setting. Here, the focus is laid on 
deriving estimates explicitly in the used constants. 

Lemma 2.2. For 0<r<l,m>0 and 7] € (0, j), we have that 

r kr 

(2.6) G{m,ri,r):= - - - \dz\ <^{r,m,ri) 

J dQ.r^^r ^1 

where dD,ri^r denotes the boundary of the set defined in (12 .21) and 

^{r,m,ri) := 4 (sinT 7 )'"+^og+4Ei cos t]) +27r(l +r)"’, 
where Ei is defined in (O- 

Ifr<^,,bym, 

^{r,m,r]) < —Slogcost] —41og(r(m+ 1 )) + 2 ;r(l +r)”*+ 121 og 2 . 


Proof Let us first assume that r < cost]. We split up the path dClrir = Ti ur 2 Ur 3 , 
where r 2 denotes the union of the two straight line segments of dClri r (dashed lines in 
Eigure|2|, whereas Ei, r 3 denote the part of dPl-q^r that lies on the circles BsinT](0) and 
Br{l), respectively (dotted lines in Eigure|2]l. Precisely, 


El =|(sinT 7 )e‘^,| 5 | G (f - Tj,;(r]| ,r 2 = {l - G (r,cosTj]}, 

r3={l+re'^|5|G[0,7r-t7)}, 


Next we estimate G,- := /p. for i = 1,2,3. 

Eor El, we see that 

Gi = 2 (sin?])'"+' r 
J 

Since 2|f;e“ - 11 > |e“ - 11 for all R,x > 0, 

dx 


dx 


Gi < 


4(sinT7)'”+i r 

J j—TJ 


|-T] |e“sinT 7 - 1 


dx 


7-n 




Since v/^logtan | is a primitive of for x G (0,7r), we derive 

— — 7 ? 

Gi < -4(sinTj)'"+'logtan^-—-t- < 4 (sinT 7 )"’+'logTr^, 

where in the last step we used that tanx > x for x G [0, j], which follows from the Taylor 
series of tan. Since sinx < x for all x > 0, we finally get 

(2.7) Gi < 4 (sinT 7 )"'+'log^—. 

COST] 


To estimate G 2 , note that 11 — te‘^ p < (1 — f cos T]) for t G [0,cos T]] and thus, 
kr|i7z| _ dt 


G 2 = 


u-'’rp< 2 / 


Since 1 —X < e ^ and e 2e2 > 1 forx G [0,1], 


1 v'" ^dx 


f 


G 2 < 2e5 

/rcos 7] 

Einally, G 3 can be estimated by 


dx ^ i f°° e 

_ < 2e5 / - 

X Jr'-H^cosri X 


dx = 4Ei (r^^^cosTj). 


( 2 . 8 ) 


G 3 =2 


rTl-ri 

L 


\l+re'^r d5<2n{l+r)”^. 
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This shows (12.61) for r < cos 7]. 

If r > COST], then dQ.ri^r = < 5 (B,sin 77 ( 0 ) UBr(l))- Hence, we choose Ti and r 3 to be 
the convenient parts of the circles (9BsinT](0), dBr{l) such that Ti ur 3 = i-C- 

Ti = {sinTje'^,|5| G (o:,;r]} and r 3 = {l +re‘^,|5| G [0,;r —j3)} for certain angles a, 
jS depending on Tj. Since r > cost] it is easy to see that a > j — rj and hence, we can 
estimate similarly as in (12.71) and (12.81 ). 

G{m,ri,r)= f +f < Gi+27r(l+r)'” < 4(sinT])'”+'log^+27r(l+r)'", 
which concludes the proof as the right hand side is smaller than ^{r,m,rj). □ 


Theorem 2.3. Let T be a Tadmor-Ritt operator on X. Let 9 = arccos Then, for 
m G No, r G (0,1) and rj G (9, j) we have, with Xm{z) = z'”, that 

(2.9) ||(/•T„,)(T)||<c(^,m,r,T])•||/||.,a,,, 

for f G Here, 

C (T) 

c{T,m,r,ri) < V (r,OT,T]) 

where C-q{T) = sup^gj,^^ ll(^“ 2’)ll> emd ^ as in Lemma [2f2\ 


Proof Let T] G (0,f) and r > 0. By Lemma fT3] we know that <7(7’) C Llrj^r- Let / G 
H{Llrj,r). Since fXm is holomorphic on Ll-q^r, 

(/T.)(7’) = :^ / f{z)z^R{zJ)dz, 

ZTTI JdQ.fl 


where fj G (9,7]) and r G (0,r). Since fijj f C Liri,r, 


Il(/T.)(7’)||<^ 

^ C^(T) 

~ In 




\z- 1 


o,ar^y'^(f,m,f\). 


dz 


The last inequality followed by Lemma 1221 Letting (f],r) (7],r) yields that Cf\(T) 

Crj (T) by the maximum principle (applied to z i —(f ,zR{z,T)x) for x G X, x' G X') and 
that '^(f,m, fj) —‘^(r,m, T]) since is continuous (see Lemma l272l ). Together, this gives 
the assertion. □ 


The following inequality is a direct consequence of the maximum principle. The disc 
case (t] = j) can be traced back to S. Bernstein, and can be found in HOl p. 346], or ll^ 
Problem III. 269, p.l37]. 

Lemma 2.4. Let G (0, ^], be the Stolz type domain defined in Sec. \L2\ The follow¬ 

ing assertions hold. 

(i) For a polynomial p of degree n, and r > 1, 

(2.10) \\p\\oo,rSSa<{f^ff) ■\\p\U,ma- 

(ii) For f G H(^a) o-nd continuous on £§a, ttt G N and '^m(z) — Z , 

(2.11) 11/■< ||/||co,.®Q < 

Proof The assertion is a consequence of the maximum principle applied to p{z)z^''. In 
fact, let z G C \ £^a- Then, since z H> p(z)z^" is analytic at by the maximum principle, 

(2.12) |p(z)z^"|< niax |p(z)z^"| < max |z^"| • IIpIIocA- 

zed3ga zedSSa 
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It is easy to see that |z ^| = Hence, multiplying (12.121 1 by |z|" and noting 

that |z| < r forz G d{rS§a) C 'C\3§a yields 

\ dill / 

Therefore, (12.10b follows by the maximum principle. 

It is easy to see that sin a < kl for z G dl^a- Therefore, by the maximum principle. 


= sup |/(z)| < 


jn rf„\ I 


The other inequality of (12.1 lb is clear as C D. 


□ 


Theorem 2.5. Let T be a Tadmor-Ritt operator on X and let m,n such that 0 <m< n. 
Then, for any p{z) = that 

(2.13) ||p(7')|| < aC{T) (llogCiT) + b+ \og^) ■ ||p|U,D, 

V in+1 J 

with absolute constants a,b, that can be chosen as 

h = -21og(s)+6, sG(0,1). 

Proof Let p{z) = YJl^„akz'‘ = f^poiz) with 0 <m<n and pQ is a polynomial of degree 
n — m. For s G (0,1] let r\{s) = arccos (5^. By Theorem l2.3l we have for i,r G (0,1) that 

(2-14) \\p{T)\\ < c{T,m,r,ri{s)) ■ ||po||oo,n,,(,),,., 

where p{z) = f^po- Since ^T^(s),r C (1 + r)D, Lemma [2.4 (i)| (with « = |) yields 

(2-15) ||po|loo,n,,(,)_, < ||f>o|U,(i+r)D < (1 +'•)"^'”llFo||oo,D■ 

By the maximum principle, UpolU.D = IIfIIco.d- Hence, by choosing r = with T G 
(0,1), Eq. (12.14b becomes 

(2.16) ||p(7')|| < c{T,m, Iri(s)) ■ (1 + 

It remains to estimate the right hand side. Clearly, (1 + < e. Theorem 12.31 yields 

that 

c{T,m,-;^,ri(s)) < ^^‘r(^,m,77(s)). 

We can further estimate using Lemma l2^ Since r = 

2C7 -I-1 

c(T,m,^,77(s)) < ^^(-21ogcosTj(s)+log£-^-logT+|e’^ + 31og2). 

By Lemma fT31 C^(,5)(r) < for s G (0,1). Since cos77(5) = 

c{T,m,:^,r^{s)) < (21ogC(r) - 21og^ + log-logT + + 31og2). 

;r(l—s) m+1 2 

As min^g(o,i) log ^ + je'^ + 3 log2 < 6, together with (12.16b . this yields (12.13b . □ 

Corollary 2.6. Let T be a Tadmor-Ritt operator. Then T is power-bounded, 

sup„eNl|r"||<aC(7')(21ogC(r)+h) 

with absolute constants a,b > 0 as in Theorem \2.5\ 


Remark 2.1. 
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(1) Theorem l2.5l shows that a Tadmor-Ritt operator has a bounded//‘^[m,?i]-calculus, 
where 

= {p{z) = : 04 G C} 

andm < n. With different techniques, such a result was proved by Vitse in ll50l . see 
also (fO . However, in ll50l the bound of the calculus depends on a factor C{T)^, 
whereas in our Theorem l2.5l this gets improved to a behavior of C(7’)(logC(7’) + 
1). Moreover, Corollary 12.61 shows that the same dependence holds true for the 
power-bound of a Tadmor-Ritt operator. This confirms the result by Bakaev Q, 
which seems not so well-known, and improves the better known quadratic depen¬ 
dence C(7’)^, see ifT^ . Il50ll . 

(2) It is a natural question to ask if the || • ||^ p-norm in Theorem |23] can be replaced 
by the sharper || • -norm for some J] < j. Indeed, Lemma lZ4l allows us to do 
this, see also (12.151 1. However, this leads to an additional factor (sinrj)^", which 
therefore destroys the logarithmic behavior in 

Let us further remark that a polynomially bounded Tadmor-Ritt operator T (see 
(ll.Sb l on a Hilbert space implies an estimate of the form 

llf’(7’)ll ^ \\p\U,3Sr,, 

for some rj < j. In other words, T allows for a bounded H°°{3§r\ )-calculus. 
However, this is not true for general Banach spaces, see EH- More generally, 
including the Hilbert space case, if one assumes that T is R-Ritt (see Section lU, 
then polynomial-boundedness does indeed imply a bounded //°“(,^,))-calculus, 
see iEt] Proposition 7.6] on arbitrary Banach spaces. 

3. The effect of discrete square function estimates - Hilbert space 

In the following we will show that discrete square function estimates improve the de¬ 
pendence in the way that log in (12.131) gets replaced by its square root. 

Definition 3.1 (Hilbert space square function estimate). Let T be a bounded operator on a 
Hilbert space X. We say that T satisfies square function estimates if there exists a > 0 
such that 

(3.1) \\x\\l-=Y^k\\T^x-T’^-\f<K^\\x\\\ VxGX. 

4=1 

Square function estimates are a well-known tool characterizing bounded //“-calculi for 
sectorial operators, going back to McIntosh’s seminal work in the SOties ll^ . From the 
90ties on, //“-calculus has proved very useful in the study of maximal regularity. In ifTOl 
a suitable L^-version of square function estimates was introduced which then got further 
adapted to general Banach spaces by Kalton and Weis in the unpublished note ED, see also 
Il23l and the references therein. Maximal regularity for discrete-time difference equations 
were investigated in 111171. Discrete square function estimates for Tadmor-Ritt operators 
were studied in lfT9ll . We mention that in the literature there exists a whole scale of square 
functions, see lIZTl Section 3], whereas we only use the specific form in Definition l3.ll 
As for sectorial operators, for non-Hilbert (typically, V^-) spaces suitable square func¬ 
tion estimates have to be redefined for Tadmor-Ritt operators using Rademacher means. 
For the moment we will restrict ourselves to the Hilbert space case and leave the general 
Banach space case for Section]?] 

The following characterization of bounded H°° calculus for Tadmor-Ritt operators was re¬ 
cently proved in ll27l . For the rest of the section we want to emphasize that on Hilbert 
spaces the notions of /?-Ritt and Tadmor operator coincide, whereas on general Banach 
spaces /?-Ritt is stronger than Tadmor-Ritt. For a definition of /?-Ritt operators and square 
function estimates on general Banach spaces, we refer to Section!?] 






10 


FELIX L. SCHWENNINGER 


Theorem 3.2 (Le Merdy 2014, Corollary 7.5]). Let T be a Tadmor-Ritt operator on 
a Banach space X. Consider the assertions 

(i) T is R-Ritt and both T and T* satisfy square function estimates. 

(ii) For some 7] C (0, §), 

(3.2) ll/(r)ll<ll/IU.^, V/Gi/o“(^r,), 

where Hq ) is defined in Remark \2.1\ 

Then,\(i)\^ \(ii)\ 

IfX is UMD space (in particular, a Hilbert space), f/ie« |f'n')| =4»[(7J| 

The assumption on (geometry of) the Banach space for the direction [(i)] to [(ii)| can be 
further generalized to X having property (A), see llZ7]l20ll . In lIZTl Proposition 8.1] it is 
further shown that there exist Tadmor-Ritt operators (even on Hilbert spaces) such that 
(only) T satisfies square function estimates, but (I3.21 i does not hold. However, we will see 
that having square function estimates for T (or T*) does improve the functional calculus 
estimate in Theorem l2.5l Note that for a Tadmor-Ritt operator T of type 9 and r G (0,1), 
rT is again Tadmor-Ritt with 


C(rT) = sup 
| A |>1 


(A-l)i(^-7') 


< C(7’) sup 
| A |>1 


A -1 
X — r 


2C[T) 
1 +r ■ 


We remark that moreover limr^i f{rT) = f{T) for / G with Tj G (0, f ), see lIZTl 

Lemma 2.3]. 


Lemma 3.3. Let T be a Tadmor-Ritt operator on a Hilbert space X. For m G IN U {0}, 

^e(o,i), 

(3.3) II {rT)'^x\\rT <ar^b + \og(^l- ll^ll VxGX, 

with a = \pic\ j andb F where ci r andPb{T) are defined in (ll.lll l. 

^i,r 

Proof Clearly, rT is a Tadmor-Ritt operator. By definition. 


||(rr)”’x||2^ = £ k\\r’^T^+’”x-r^-^T^-^+^xf 


k=\ 


< r 


.2m£^^2(i:-l)72|| 

i:=l ^ 


pk+m^ _ rpk- l+m 


:||2 + 2||(l-r)7'^+'«xf) 


(3.4) 




2c^ 


k=l 
rn xn— 1 


(k- 


■+2(1-r)^Pb(T)^]\\x\\ 


where cij = sup„gtH ||n(r" - T" i)|| which is finite by LemmaO Since 


oo cFik-i) 

y — _< y _L 

(k + m )2 l^qk+l 


.Ik 


< 


m + 
1 


gli-logr 

x+ l+m 


dx 


h-j: 


j + r ^('"^^^Ei(—2(m+l)logr) 


(3.5) 


m + 

< ^T+log( 1 - 

m + 1 


1 


2 (m+ l)logr 
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where the last step follows by (I2.41 l. Using this and the fact that 
we can conclude in (13.4b that 

^PHTf] „ „2 


\\irTrxrrr<r 


,2m 


2c 


i,r 


m+l 


+ log 1 - 


2 (OT+l)logryy (l+r)2 


+ ■ 


< 2 ci I h + log I 1 - 


1 


2(jn+ l)logr 


forh=l + ^. 


□ 


Another lemma, we will need, is the following result relating square function estimates 
for r and rT as r 1. This can be seen as a discrete analog of ll^ Proposition 3.4]. 


Lemma 3.4. Let T be a Tadmor-Ritt operator on a Hilbert space. Then, the following are 
equivalent 

(i) T satisfies square function estimates. 

(ii) rT satisfies square function estimates uniform in r G (0,1), i.e., 

3K>0yrG iO,l)yxGX: ||jr||rr < ||x||. 

Proof. This follows from the more general Lemma lThl in Section|4] □ 


The following theorem is essentially Le Merdy’s key argument to prove thatj^implies 
|(ii)| in Theorem 13.21 As we need its precise form, we state it explicitly. For a proof we 
refer to m Proof of Theorem 7.3]. For a dehnition of R-Ritt operator of R-type 9 we 
refer to Section |4] For the moment it suffices to remark that on Hilbert spaces this notion 
is equivalent to the of one a Tadmor-Ritt operator of type 0, see Section|4] 

Theorem 3.5 (Le Merdy 2014). Let T be a R-Ritt operator of R-type 9 on a Banach space 
X. Let 0 < 9 < T] < j- Then, there exists c = c(t],C(T)) > 0 such that 

\{y,p{T)x)\ <c-\\p\\o.,m^ ■ \\x\\t- ||y||r*, 

for any polynomial p, x GX and y G X*. 

(Note that the right-hand-side is allowed to be °°). 

Combining Theorem 13.51 and Lemma 13.31 yields the following rehnement of Theorem 

1231 


Theorem 3.6. Let T be a Tadmor-Ritt operator on a Hilbert space X. Assume that either 
T or T* satisfies square function estimates. Then, for integers 0 < m < n and p{z) = 

\\p{T)\\ < acKe^ ■ \fb + \og^^- ||p|L,d, 

V m+l 

with K,a,b,c defined in (ED, Lemma [OI and Theorem \3.5\ respectively. 

Proof. Since X is a Hilbert space, T is R-Ritt of type 0 = arccos Let r G (0,1) and 
choose 77 G (0,f). Define pi{z) = p{j). It is easy to see that pi{rT) = p{T) since p is 

r r 

a polynomial. Furthermore, we write p{z) = z^'qiz) for q having degree n — m. Therefore, 
for all xGX, 

(3.6) p{T)x = qi{rT){rT)”'x. 

r 

W.l.o.g. let T* satisfy square function estimates. Hence, by Lemma E4l ||y||rr* < -^Ibll 
for all y GX* and all r G (0,1). Applying Theorem l3.5l for rT and p = qi yields 

r 

\{y,q^SrT){rT)'>'x)\<cK^\q,\U,^^\{rTrx\\rT^\yl 


( 3 . 7 ) 
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for X G X^y G X"" where we used that ^ri C D. By Lemma [2.4 (i)| and the maximum 
principle, \\qi ||oo,d < ^”~”lkl|oo,D = ^”^~"||p||oo,d- Therefore, and by Lemma l3.3l Eq. i3.7\ 

r 

yields 

Ikl (.rT)irTr\\ < acK^b+ log[l - • \\p\\^^^. 

Choose r = e 2 («-/»+i) _ Then 1 — 2 (m+i)iogr “ m+T = e 2 {n-m+\) ^ Thus, by 

(IT 6 l l. _ 

||/?(7’)|| < acKeU b + log^^-^ ■ ||p||oo,D- 

V m+1 

□ 


Remark 3.7. 

(1) The proof idea of Theorem 13.61 can also be used for an alternative proof of the 
logarithmic behavior in Theorem l2.5l if we do a similar computation for 11 T^y 11 rr* 
(instead of assuming square function estimates ||y|| 7 ’ < ||y||). This finally yields 

another factor of the form \ b + log . 

(2) As explained in Remark IZTl in Theorem l3.6l we can also derive ‘sharper’ estimates 
in the || • -norm at the price that additional factors of the form (sin rj )^" enter 
the estimate. 


4. Discrete square function estimates on general Banach spaces 


As indicated in Section [3 for non-Hilbert spaces, Definition 13.11 is not suitable for 
characterizing boundedness of the //“-calculus. For L^-spaces the proper replacement 
is given by 


(4.1) 


Wr:= 


I 


£:^,i|rL-7‘-xP) 


< 


ll^ll 


LP 


where T is a Tadmor-Ritt operator on p € for some measure space {Q.,p), 

see HU, 113 and the references therein. By Fubini’s theorem, this definition coincides 
with Dehnition l3.1l if p = 2. 

However, to cover general Banach spaces, we need the following generalization using 
Rademacher averages. This approach (for sectorial operators), paving the way for a lot of 
research in this held, was introduced by Kalton and Weis in their ‘famous’ unpublished 
note, see the new preprint 1211 . For an excellent overview on the topic we refer to HH- 
The discrete version of these general square function estimates for Tadmor-Ritt operators 
recently appeared in fTlX . 

We briehy recap the dehnition of the needed Rademacher norms. For more details, we 
refer to HSUS. For k > 1, we dehne the Rademacher function £k{t) = sgn(sin(2^7rf)). It 
is easy to see that [ek)k>\ forms an orthonormal basis in L^{I) with I = [0,1]. For a Banach 
space X let us consider the linear span of elements ®t = (f i—£^(1 )x), k > 0, x S 2f, in 
the Bochner space L^(/,2f). Denote the closure of this set, w.r.t. the norm in L^{I,X), by 
Rad(2f). Hence, Rad(2f) becomes a Banach space with the norm 


ll■^llRad(X) — 


(/IIE. 


£kit)xk\\ dt 


for elements x = Y,k^k^Xk with {xk)k being a hnite family in 2f. By orthonormality of the 
Rademacher functions it follows that 

(4.2) Rad(X) = iLl -^ek®Xk:xk€X, the sum converges in (/, )} . 

Now we can define a general square function by 


■*7’ = 


Y2^^ek®k{T’^x-T^-^x) 


Rad(X) ’ 
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where we set HxHr = °° ifY.k^k^k{T^x— ^ Rad(X). 


Definition 4.1 (Square function estimates for Tadmor-Ritt operators). Let L be a Tadmor- 
Ritt operator on a Banach space X. We say that T satisfies (abstract) square function 
estimates, if there exists Kj > 0 such that for all xGX, 


(4.3) 


X T = 


Y2=i^k®k^iT’^x-T 


k-1 , 


Rad(X) 


<^r||x|| 


Note that if X is a Hilbert space, as a consequence of Parseval’s identity, this definition 
of square function estimates coincides with the one given in Definition 13. II Precisely, for 
any finite sequence (xif)ii G X, 


(4.4) 




which shows that both definitions of square functions estimates coincide. Further, it can be 
shown that forX =U’ = L^(n,/r) (p G and (n,/r) being cr-additive). 


I ® X*: 11 


.| 2\2 


U’ 


see ||23 Remark 2.9]. Hence, (14.11) is equivalent to having square function estimates using 
Rademacher averages. 

The notion of R-boundedness emerges naturally in the framework of the space Rad(R'). 
After being introduced in Ifil, it has been proved very useful in the study of maximal 
regularity, see ll23l for a detailed introduction. 


Definition 4.2. Let 2f be a Banach space and .‘f C SS(X) a set of bounded operators. 
Then, 3" is called R-bounded if there exists a constant M such that for any finite family 
{Tk))k G 3, and finite sequence {xk)k CX, 

(4-5) 11 e, ® Tix, 11 <M\\Y,k^k^Xk\\^^^^^y 

The smallest possible constant C is called the R-bound. 

By (14.41 ). it follows that for Hilbert spaces the notion of R-boundedness of 3 coin¬ 
cides with (uniform) boundedness of 3 in the operator norm. However, in general, R- 
boundedness only implies boundedness, see m. 

Now we are able to introduce R-Ritt operators, which first appeared in |l8]|2l. Nonetheless 
the notion R-Tadmor-Ritt would be more consistent in this Chapter, we use the name R-Ritt 
following Le Merdy lIZTi . For Hilbert spaces, the following notion is equivalent to the one 
of a Tadmor-Ritt operator, see Lemma [T~4l 


Definition 4.3. An operator T on a Banach space X is called R-Ritt if the sets 
{^"inGN} and {n(T"-T"-') : n G hi} 
are R-bounded. We denote the bounds by Pb^{T) and cf y, respectively. 

By Lemma 11.41 an R-Ritt operator is always a Tadmor-Ritt operator and the notions 
coincide on Hilbert spaces. Moreover, the following R-Ritt version of Lemmata 1 1.31 and 
ll.4l holds. For a proof, see lIZTl Lemma 5.2] and ISl . 

Lemma 4.4. Let T be a bounded operator on a Banach space X. The following assertions 
are equivalent. 

(i) T is R-Ritt. 

(ii) (7(7’) C for some 9 G [0, and for all 7] G (9 

(4.6) {(z — 1 )R(z, 7’) : z G C \ } is R-bounded. 

In this case, we say that T is of R-Ritt type 9. 

Now we are ready to prove the corresponding R-Ritt version of the results in Section[3] 
for general Banach spaces. 
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Lemma 4.5. Let T be a R-Ritt operator on a Banach space X. For m € H U {0}, r € (0,1), 
II(+ log(l-Ikll Vxex, 
with gr = \/2c^j and Br = I + > where c^j,Pb^{T) are defined in Def. \4.3\ 

■ Wlj) 


Proof. The proof technique is very similar to the proof of Lemma 13731 Therefore, we will 
focus on the arguments involving -boundedness. Since rT is a Tadmor-Ritt operator, we 
have, see IQ 


\T^x\\rT = 


< 


Y,ek®k^ {r’^C+”'x - r ^-' 1 +'"’ 


k=\ 


Rad(X) 


£ (g) [(7’*+'" - + (1 - r)r'^+'"j !^-^x 


<:=1 


Rad(A') 


<c1j 


(4.7) 


-r—— 

x + m 

-f (l-r)Ph^(r) 


+ 


Rad(X) 


k=l 


Rad(X) 


where the last step follows since T is R-Ritt. By the definition of the Rad (X)-norm, and 
Parseval’s identity (for L^[0,1]), the first norm in (14.71) equals 


I fiL 


Rad(X) 


/' 




k=l 

1 


A:+m 


dt 


= X 


\f 


E ^k{t) 


k^r*-' 


k=l 


k+m 


dt 


= \\xfL 

k=l 




k + m 


The remaining series can be estimated as in the Hilbert space proof. Analogously, the 
second norm in (14.7b can be computed. Therefore, we derive. 


[rTTxWrT < r"’ 


-\.T 


1 


m-f 1 


+ log 1 - 


1 


< \/ 2 cf (^R -f log ^1 - 


2 (m-|- l)logr 
1 

2{m+ l)logr 


Pb^{T) 


f , , , Ph'^iTf 

foxbR = \ + 


□ 


We further need the generalization of Lemma [374l to (abstract) square function estimates. 

Lemma 4.6. Let T be a R-Ritt operator on a Banach space X. Then, the following are 
equivalent. 

(i) T satisfies (abstract) square function estimates. 

(ii) rT satisfies (abstract) square function estimates uniform in r S (0,1), 

BTOOVre (0,l)V.reX: ||.r||^ 7 ’< TC ||x||. 
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Proof. The proof is similar to one for the continuous time analog ll2^ Proposition 3.4] and 
is based on using the identity 

(4.8) {I-T)T'^x={I-rT)T'^x+{l-r)T’^+\. 


This yields, using that T is /?-Ritt, 

Y2=^£k®k^>^{I-T)T'^x 


< 


Rad{X) 


+ Pb''{T){l - r) I £i Av 


Rad(A') 


It is easy to see that the second term on the right-hand is bounded in r G (0,1), because the 

Rad(X)-norm equals (I]r=i ||.^|| = Ikll (1 ~ by Parseval’s identity. Hence, by 
Patou’s lemma, we get that |(h)| implies[(7)] The other direction also follows, with a similar 
estimation, from (I4.8l l. □ 


The Banach space version of Theorem [T 6 ] now follows completely analogously to the 
Hilbert space proof with Lemmata 14. Sl and TT.hK instead of Lemmata l3.3l and l3.4b . 

Theorem 4.7. Let T be a R-Ritt operator on a Banach space X. Assume that either T 
or T* satisfies (abstract) square function estimates. Then, for integers 0 < m < n and 

p{z) = I!j=majzf 

||p(T)|| • Whs-t-log-^^-^- ||p||«.,D, 

V m+\ 

with KT,aR,bR and c defined in (14.3b . Lemma \4~5\ and Theorem \3.5\ respectively. 


5. Sharpness of the estimates 

It is natural to ask whether the deduced functional calculus estimates from Theorems 
IZSiandIThI 

(5.1) ||p(7’)|| <flC(r) ('logC(7’)-fh + log^) ||p|U,D, 

\ m+l J 

and 

(5.2) l|p(7’)ll <a2cKTe^^ ■ Jb2 + \og^^-^-\\p\Up, 

V m + 1 

for p G n], that is p{z) = T!k=m ^kZ^^ ^re sharp. Clearly, here ‘sharpness’ has different 

aspects depending on the variables C{T),m,n it is referring to. For a clear discussion, we 
distinguish between the following questions. 

(A) Is dlB sharp in the variables m, n, with 0 < m < n? 

(B) Is (15.1b sharp in the variable C{T) for (some) fixed m,nl 

(C) Question |(A)| for (15.2b . 

(D) Question |(B)| for (15.2b . 

To answer these questions, we introduce the quantity 

(5.3) C{T,m,n) = sup{\\p{T)\\ : p G H°°[m,n\,\\p\\oo,D < !}• 

Question |(A)| was discussed Vitse in ll50] Remark 2.6] using the prior works 14911511 . In 
particular, she showed that if X contains a complemented isomorphic copy of or t° 
(e.g., infinite-dimensional L* or C{K) spaces), then there exists a Tadmor-Ritt operator on 
X such that 
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where the involved constant only depends on X and is thereby linked with constant C{T). 
However, the precise dependence on C{T) is not apparent there. If X is an (inhnite- 
dimensional) Hilbert space (more, generally if the Banach space X contains a comple¬ 
mented isomorphic copy of £^), then for any d € (0,1), there exists a Tadmor-Ritt operator 
such that 

log—) . 
in / 

These statements can be generalized to more general spaces X that uniformly contain uni¬ 
form copies of £\ (or respectively). We refer to Il48ll50l for details. 

Question |(B)| can be split up in several cases. If m = 0, hence p is an arbitrary polynomial 
of degree n, (15.11) implies that C{T,0,n) < C(r)(logC(7’) +log(n -f 1)). Hence, we ob¬ 
serve ‘linear’ asymptotic behavior in C{T) as n —oo. In fact, in HSl Theorem 2.1] it is 
shown that it is indeed linear, namely 

C{T,Q,n)<{C{T) + l)\og{e^n), 

and there exists a T on some Banach space X such that C(7’,0,n) ^ log(e^n). We point out 
that the proof technique, ll48] Theorem 2.1], requires m = Q. 


However, for m — n, Question |(B)| reduces to the prominent question of the optimal power- 
bound for T. As mentioned in Corollary 12.61 (15.11 ) yields 

C(7’,n,u) = ||r||<C(7’)(logC(7’) + l), 

for all n. This is so-far the best known power-bound for Tadmor-Ritt operators, see also 0. 
It remains open whether this can be replaced by a linear C(r)-dependence. Furthermore, 
motivated by the Kreiss Matrix Theorem (11.51) . it is not clear whether for A-dimensional 
spaces X, an estimate of the form 


(5.4) 


Pb{T) < C{T)g{N) 


for some scalar function g can be achieved, where g{N) G o{N). Note that the estimate for 
g{N) = eN trivially holds by (11.5b and the fact that CKreiss{T) <C{T). 

Let us turn to Question |(C)| now. We want to show sharpness of 

C{T,m,n) < Wlog-^^-^ 

V m-\-l 

under the assumption that T satishes square function estimates. Therefore, we construct T 
as a Schauder basis multiplier, which is a well-known technique to construct unbounded 
calculi, see e.g., ifT^ Chapter 9] and 0], where it was introduced. Let 2f be a separable 
inhnite-dimensional Hilbert space with a bounded Schauder basis {V4}- For a sequence 
(A„) C [0,1], dehne the bounded operator T = by 

for hnite sequences {xf) C C. Let X„ = l— 2^", then T is Tadmor-Ritt, see ll27] Proposition 
8.2]. With this setting we can use the following argument from ifSTl Proof of Theorem 2.1]. 
Let 5 G (0,1). If for the uniform basis constant ub({y/k}^^i) it holds that ub({y/i;}x=i) ~ 
N^,i.e. 

(5.5) 3c> 0 VN G N : sup 




k=l 


\cCk\< 1, 


N 


k=l 


<l'>>cN° 


then C(7’,m,n)> (log 

As for sectorial Schauder multipliers, it holds that T satishes square function estimates 
if the basis is Besselian, i.e., 3cy/ > 0 


(5.6) 
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for finite sequences {x^) C C, see EEi Theorem 5.2] and lIZTl Theorem 8.2]. Note that (15.61 1 
already implies that m^({V4}^i) ^ where m(v/') = sup^, || V 4 ||. It remains to 

find a Besselian basis {V4} such that (15.51) is fulhlled for 5 € (0,^). Indeed, such an 
example can be constructed for an L^-space on the unit circle with suitable weight, see ll26l 
Thm. 5.2], ll42l . and ll44l Section 4.3]. In fact, the example in ll42l Thm. 4.5] gives a basis 

¥2k(t) = W2k+i(t) = keNo, 

(there, the notation is ifk*) with j5 € ( 5 , 5 ). Moreover, it is shown that there exist elements 
x,y GL? such that 

|y„|--n e N, 

where x = Y.n^knWn y G Y^nynWn^ where {¥n} denotes the dual basis such that 
{¥ktVn) = ^nk- Choosing |a„| = 1 such that UnXnyn G lR>o, we deduce 

|(y, ^ anXn¥n)\ = ^ o:„x„y„ > ^ 
n—\ n=\ n=\ 

Since || L^Li-^n’/nll 5; ^(V^)lklk (15.51 ) follows for 5 = 3)3 — 1 G (0, j). Therefore, we have 
proved the following result, which answers [(^ for Hilbert spaces. 

Theorem 5.1. There exists a Hilbert space such that for any 5 G ( 0 , 5 ) there exists a 
Tadmor-Ritt operator T which satisfies square function estimates and 

C{T,m,n) > 

V m+l J 

holds, where C{T,m,n) is defined in (15.31 ). Note that the involved constants depend on d. 

An open question is whether there exists an /?-Ritt operator on a Banach space such that 

1 

T satisfies square function estimates andC(7’,OT,«) > (log^^)-. 

By cij ^ C(T)^, see 1501 . and c < Pb{T)^cij, see lIZTl Proof of Theorem 7.3], we can 
track C(7’) in the constants of the estimate in Theorem l3.61 This yields a C(7’)-dependence, 
which seems far from being sharp. Hence, the answer to |(D)| is probably ‘no’. 

6. Further results 

As a direct corollary of the improvements of Vitse’s result, we get the following result 
for the Besov space functional calculus of T, which in turn is a slight improvement of ll50l 
Theorem 2.2]. For details of the following notions and facts see ESI and the references 
therein. Recall that the Besov space Z?oo,i(D) is defined by the functions / G H{K)) such 
that 

II/IIb:= ll/ll~,D+ f max\f'{re‘“)\dr <00. 

Jo a 

It is well known that there exists an equivalent dehnition via the dyadic decomposition / = 
^7=0 * /’ where W„,n> 1 are shifted Fejer type polynomials, whose Fourier coefficients 
Wn (k) are the integer values of the triangular-shaped function supported in [ 2 "^ *, 2 ”^ ^ ] with 
peaklT„(2") = 1 and Wq{z) = 1 -f z. Here {g*f){z) = 'L7=og{^)f{k)^. Then, 

/GB„ i(D) ^ / G//(D) and ll/ll* =f;||lT„*/||„,D<-. 

//=0 

Since Wn* f is a polynomial, we can use the || • ||oc,D-estimate of Theorem 12.51 to derive 
/ 1004 (D)-functional calculus estimates. This follows the same lines as in lISOll . however, 
using the improved constant dependence of our result in Theorem l2.5l 
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Theorem 6.1. Let T be a Tadmor-Ritt operator on a Banach space X. Then, 

(6.1) ll/(7')ll<c(r)(iog(c(r) + i))||/||. 

i.e.,forall /GBoo,i(ID), where f{T) is defined by * f){T)- 

Proof. Since Wn*fG for n > 1 and WQ*fG H°°[Q, 1], see Remark lZTl for 

the definition of H°°[m,n], we can apply Theorem l2.5l to derive 

/ 2"+' + l\ 

||(W„*/)(r)||<flC(7')(^21ogC(7')+fi + log^;;-^j ||W„*/||oc,D, 

for n > 1, with absolute constants a,b > 0. Clearly, < 5. Analogously, ||(Wb* 

/)(7’)|| can be estimated. Thus, Lr=oll(l^« */)(^)ll ^ ll/ll*’ hence, f{T) is well- 
defined with 

||/(r)|| < aC{T) (21ogC(r) logs) II/IU. 

□ 

In lISOl Theorem 2.5] a similar || • j(p)-estimate as in (16.1b is derived, but with a 
C{T) -dependence of C( T) ^. 
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